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Let G be the Galois group of a Galois point for a plane curve C . An
element of G induces a birational transformation of C . We study
if it can be extended to a projective or birational transformation
of the plane. In the course of the study we give the deﬁning
equation of a rational curve with the Galois point. Furthermore,
we introduce a special birational transformation in order to make
the deﬁning equation into a simpler form.
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1. Introduction
Let k be the ground ﬁeld of our discussion. We assume it to be an algebraically closed ﬁeld of
characteristic zero. Let C be an irreducible projective plane curve of degree d ( 3) and k(C) the
function ﬁeld. Let P be a point in the plane P2 and consider the projection πP :P2  P1 with the
center P . Restricting πP to C , we have a dominant rational map π¯P :C  P1, which induces a ﬁnite
extension of ﬁelds π¯∗P :k(P1) ↪→ k(C). If the extension is Galois, we call P a Galois point for C [6,7].
Let G = GP be the Galois group. By deﬁnition an element of G induces a birational transformation of C
over a projective line P1. If C is smooth, then the element is an automorphism of C . Moreover, if d 4,
then it can be extended to a projective transformation of P2 and G is a cyclic group [7]. However,
in case C has a singular point, G is not necessarily cyclic nor can its element always be extended to
a projective transformation, see [7, Remark 1] or [1, Corollary 2.6]. One problem that has remained
open for several years is to know if an element of G can be extended to a birational transformation.
In this article we give a negative answer to the problem in general by presenting several examples.
In the course of the study, we give a deﬁning equation of a rational curve with the Galois point and,
in order to get its simpler form, we introduce a method of coordinate transformations by special
birational ones.
E-mail address: yosihara@math.sc.niigata-u.ac.jp.0021-8693/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2008.11.035
1464 H. Yoshihara / Journal of Algebra 321 (2009) 1463–1472We ﬁx the notation as follows:
• C : irreducible plane curve of degree d;
• (X : Y : Z): homogeneous coordinates on P2;
• P = (0 : 0 : 1): Galois point for C ;
• G = GP : Galois group at P ;
• |G|: order of G;
• F (X, Y , Z) = 0: deﬁning equation of C ;
• x = Y /X , y = Z/X : aﬃne coordinates on A2;
• f (x, y) := F (X, Y , Z)/Xd;
• k(C) = k(x, y): rational function ﬁeld of C ;
• en := exp(2π
√−1/n);
• [α1, . . . ,αn]: diagonal matrix with (i, i)-component is αi .
The Galois point P is called inner (resp. outer) if P ∈ C (resp. P /∈ C ). Needless to say, we have
the relation |G| = d −m, where m is the multiplicity of C at P (if P /∈ C , then we regard m to be 0).
Throughout this article we assume d −m 3. We will discuss mainly in the case where C is rational
and P is outer. Moreover, the Galois point is called cyclic (resp. dihedral) one if the group is cyclic
(resp. dihedral).
2. Representation in projective transformations
First we make clear the property of G in the case where each element of G is extendable to a
projective transformation.
Lemma 1. If each element of G has an extension to projective transformation, then G is a cyclic group.
Proof. If  is a line passing through P , then it is ﬁxed by σ ∈ G by the assumption. Therefore σ can
be represented as
(1 0 0
0 1 0
a b c
)
∈ PGL(2,k).
Then we have a representation ρ :G → k∗ such that ρ(σ ) = c, where k∗ = k \ {0} is the multiplicative
group. If ρ(σ ) = 1, then, since the order of σ is ﬁnite, σ is identity. Hence ρ is injective. Since G is
a ﬁnite group, ρ(G) is cyclic, hence so is G . 
Suppose G satisﬁes the condition of Lemma 1. Then, G can be generated by σ which is represented
as a diagonal matrix [1,1, en], where n = |G|.
Proposition 1. Each element of G has an extension to projective transformation if and only if F (X, Y , Z) can
be expressed as Fm(X, Y )Zd−m + Fd(X, Y ) by a suitable projective change of coordinates, where Fi(X, Y ) is
a non-zero form of X and Y with degree i (i =m or d).
Proof. If G has the extension, then by Lemma 1, F is invariant (up to constant) by σ = [1,1, en]. So
we get easily the expression above. Conversely, if C is deﬁned by such F , then (0 : 0 : 1) is a Galois
point and the Galois group is cyclic. Clearly, for the generator σ , we have σ(x) = x, σ(y) = en y, hence
it has an extension to the projective transformation [1,1, en]. 
Example 1. Let C be the curve deﬁned by X2Y 2 + (Z2 − X2)Z2 = 0, which is a rational curve with
singular points (1 : 0 : 0) and (0 : 1 : 0). It is easy to see that (0 : 0 : 1) is an outer Galois point. The
Galois group is isomorphic to Klein’s four group generated by σ and τ such that σ(x, y) = (x, x/y)
and τ (x, y) = (x,−y), where x = Y /X and y = Z/X .
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We follow the notation in previous sections. We assume P is an outer Galois point. Let  be
a general line passing through P . Then C and  have normal crossings. Put C ∩  = {Q 1, . . . , Qd}.
Since P is a Galois point, σ ∈ G induces a birational transformation of C which is regular at Q i
(1  i  d). In particular, it induces a permutation on the set {Q 1, . . . , Qd}. Let q :C ′ → C be the
resolution of the singularity of C . Then σ induces an automorphism σ ′ of C ′ . Let D ′ be the divisor
q∗(Q 1) + · · · + q∗(Qd).
Lemma 2. The automorphism σ ′ induces a linear transformation on H0(C ′,O(D ′)).
Proof. By deﬁnition we have σ ′(D ′) = D ′ , hence σ ′ induces the transformation on H0(C ′,O(D ′)). 
Put N + 1 = dim H0(C ′,O(D ′)) and let ϕ :C ′ → PN be the morphism associated with the complete
linear system |D ′|. This is a birational morphism onto ϕ(C ′). Since d 3, if the genus of C ′ is zero or
one, then it is an isomorphism. From Lemma 2 we see that σ ′ induces a projective transformation σˆ
of PN satisfying that σˆ (ϕ(C ′)) = ϕ(C ′).
Note that if C is smooth, then the linear system deﬁned by the line cut of C is complete. Therefore
we obtain the following assertion, which has been given in [7, Theorem 4′].
Remark 1. If C is smooth, then each element of G can be extended to a projective transformation and
thus G is a cyclic group.
Remark 2. We have injective representations G ↪→ Aut(C ′) and G ↪→ PGL(N,k), where Aut(C ′) denotes
the automorphism group of C ′ .
Let i (i = 0,1,2) be three lines deﬁned by X = 0, Y = 0 and Z = 0 respectively. By taking a
suitable projective change of coordinates, we can assume 0 ∩ C and 1 ∩ C have normal crossings.
Let si be the element corresponding to q∗(i ∩ C) in H0(C ′,O(D ′)). Using si (i = 0,1,2), we make a
set of basis {s0, s1, . . . , sN} of H0(C ′,O(D ′)). We deﬁne ϕ(x) = (s0(x) : s1(x) : · · · : sN(x)) for x ∈ C ′ and
let (X0, X1, . . . , XN) be a set of homogeneous coordinates on PN . Let V be the linear variety deﬁned
by X0 = X1 = X2 = 0 and let π1 :PN  P2 the projection with the center V . Then the resolution
morphism q is regained as the composition π1 · ϕ . By deﬁnition we have σˆ (si) = si for i = 0 and 1.
Obviously we have the following.
Remark 3. If σˆ (V ) = V , then σˆ induces a projective transformation on P2.
Owing to the above consideration, we can give the deﬁning equation of a rational curve with a
Galois point.
Theorem 2. The curve C is a rational curve with a cyclic outer Galois point if and only if it can be expressed as
follows.
By taking a suitable projective change of coordinates and a parameter t of the curve, we can express as
x = td and y =
d−1∑
i=1
cit
i,
where ci (i = 1, . . . ,d − 1) satisfy the following conditions:
(1) ci ∈ k.
(2) If {i1, . . . , im} is the set of all i such that cis = 0 (s = 1, . . . ,m), then the greatest common divisor
(i1, . . . , im,d) is equal to 1.
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we denote it by p. Since the group is cyclic, by taking a suitable parameter, we can assume k(C) =
k(C ′) = k(t) and k(P1) = k(x) = k(td). Note that ϕ is the Veronese embedding ϕ(t) = (1 : t : · · · : td)
and we have p∗(x) = td . Let π1 (resp. π2) be the projection Pd  P2 (resp. P2  P1), which is
commutative in the following diagram:
C ′
q
P
d
π1
C
p
P
2
π2
P
1
Then, we have π1(1 : t : · · · : td) = (1 : t : g(t)) and π2(1 : t : g(t)) = (1 : td). Therefore y = g(t) can
be expressed as c0 + c1t + · · ·+ cd−1td−1, where ci ∈ k for 0 i  d− 1. By taking y − c0 instead of y,
we can assume that c0 = 0. Moreover k(x, y) must be equal to k(t). Let us examine this condition. Let
H be the subgroup of G corresponding to k(x, y) by the Galois correspondence. Suppose G is gener-
ated by σ such that σ(t) = edt . Then, H is generated by σ r , where 0 r  d− 1. Since σ r(y) = y, we
have
(
er − 1)c1t + (e2r − 1)c2t2 + · · · + (e(d−1)r − 1)cd−1td−1 = 0,
where e = ed . Let {i1, . . . , im} be the set of all i such that cis = 0 (s = 1, . . . ,m). Then isr is divisible
by d. Let a be the greatest common divisor (i1, . . . , im,d). If a = 1, then we have r = 0, hence H is
trivial. On the contrary, if a = 1, then put d = ab, where b > 1. Since isb (s = 1, . . . ,m) is a multiple
of d, H contains σ b and thus H is not trivial and k(t) = k(x, y). This proves the only if part.
Conversely, if C is deﬁned as above, then we have k(C) = k(t), hence (0 : 0 : 1) is a cyclic outer
Galois point for C . This completes the proof. 
By the similar argument we obtain the following assertion.
Theorem 3. The curve C is a rational curve with a dihedral outer Galois point if and only if it can be expressed
as follows.
By taking a suitable projective change of coordinates and a parameter t of the curve, we can express as
x = t−n + tn and y =
n−1∑
i=−n
cit
i,
where d = 2n and ci (−n i  n − 1) satisfy the following conditions:
(1) ci ∈ k and c0 = 0;
(2) (i) c−n = 0 or
(ii) For each r (0 r  n − 1), there exists i (−n + 1 i  n − 1) satisfying that cienri = c−i .
(3) If {i1, . . . , im} is the set of all i such that c−n+is = 0 or cis = 0 (1  s m), then the greatest common
divisor (i1, . . . , ir,n) is equal to 1.
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group is dihedral, by taking a suitable parameter, we can assume k(C) = k(C ′) = k(t) and σ(t) = ent
and τ (t) = t−1, where σ and τ are generators of G . Then k(P1) = k(x) = k(t−n + tn) and y can be
written as
∑n−1
i=−n citi , where ci ∈ k. By taking y− c0 instead of y, we can assume c0 = 0. Let H be the
subgroup of G corresponding to k(x, y). By the condition H = {1}, we obtain the above conditions (2)
and (3). 
4. Special birational transformations
In this section we follow the notation and assumption of the previous sections. We study the Galois
groups and others in the case where σˆ (V ) = V . We introduce a special birational transformation
of P2, by which we transform the deﬁning equation of C into a simpler form. Moreover, by the
transformation, we change the system of coordinates and make a linearization of some birational
transformation. First let us examine the following example.
Example 2. Referring to Theorem 2, we deﬁne the rational curve by x = td and y = t + · · · + td−1. By
eliminating t , we obtain the deﬁning equation
f (x, y) = {x(y + 1)d − (x+ y)d}/(x− 1).
Note that the point (1 : 1 : −1) is an ordinary singular point of multiplicity d−1. Clearly P = (0 : 0 : 1)
is an outer Galois point with the cyclic Galois group G = 〈σ 〉, where σ acts on k(C) = k(t) as σ(t) =
edt . Since
t = x+ y
y + 1 and σ(y) =
x− et
et − 1 ,
where e = ed , we have
σ(y) = (x− e)y + (1− e)x
(e − 1)y + ex− 1 .
Therefore σ can be extended to a birational transformation
σ˜ (X : Y : Z) = (σ˜1 : σ˜2 : σ˜3),
where σ˜1 = X{(e − 1)Z + eY − X}, σ˜2 = Y {(e − 1)Z + eY − X} and σ˜3 = (Y − eX)Z + (1 − e)XY . Of
course the proper transform of C by σ˜ is equal to C .
Now, we deﬁne the special birational transformations. Let 
 be the birational transformation of A2
deﬁned by 
(x, y) = (x,M
 y) for (x, y) ∈ A2, where
M
 =
(
a(x) b(x)
c(x) d(x)
)
∈ PGL(1,k(A1)) and M
 y = a(x)y + b(x)
c(x)y + d(x) .
This is compatible with the ﬁrst projection A2 → A1. The transformation 
 is said to be a ruled
birational transformation. We denote it by RB for short. Fixing the coordinates (x, y), we denote by
RB(A2) the set of RB of A2. Clearly it is a subgroup of the group of birational transformations of A2.
Deﬁnition 4. The matrix M
 is said to the principal part of 
. The 
 is said to be of type I (resp.
type II) if the eigenvalues of the principal part belong to k(x) (resp. do not belong to k(x)).
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Example 3. Let C be the curve deﬁned by
X2Y Z3 + 4XY 2 Z3 − (Y 3 − Z3)2 = 0,
which is an irreducible rational curve. The point (0 : 0 : 1) is an outer Galois point, at which the Galois
group is isomorphic to the dihedral group of order six. The group is generated by σ and τ , where
σ(x, y) = (x, x2/y) and τ (x, y) = (x, e3 y). Therefore σ and τ are of type I.
Deﬁnition 5. The 
 ∈ RB(A2) is said to be diagonalizable if there exists an element M ∈ GL(2,k(x))
satisfying that the principal part M−1M
M is diagonal.
When σ ∈ G is extended to a birational transformation of P2, we denote it by σ˜ .
Lemma 3. Suppose σ ∈ G is extended to a RB. Then the extension is unique.
Proof. Suppose there exists another extension σ˜ ′ . Then, σ˜ ( ∩ C) = σ˜ ′( ∩ C) for a general line 
passing through P . Since d 3, σ˜ and σ˜ ′ coincide with each other on . This implies σ˜ = σ˜ ′ . 
Let  be a general line passing through P and σ˜ [] denote the proper transform of . Then the
following assertion is clear from the discussion in the proof of Lemma 3.
Corollary 6. Under the same assumption as in Lemma 3 we have σ˜ [] = .
The following proposition is a generalization of Lemma 1.
Proposition 7. If each element of G can be extended to a RB, then G has a representation in PGL(1,k). In
particular, G is isomorphic to one of the ﬁve kinds of polyhedral groups.
Proof. Let  be a general line passing through P . By Corollary 6, each element σ ∈ G induces an auto-
morphism σ¯ on . For two elements σ and σ ′ , if the automorphisms σ¯ and (σ ′) ¯ on  coincide with
each other, then they coincide on the non-singular model C ′ , since they can be viewed as covering
transformations over P1. We infer readily from this that σ = σ ′ . 
Corollary 8. Suppose σ ∈ G is extended to a RB. Then, the extension is a projective transformation if P is not
the point of indeterminacy of the birational transformation.
Proof. Take a general line  passing through P . Then by Corollary 6 the total transform of  is also a
line, thus σ is a projective transformation. 
Remark 4. Returning to Proposition 7, since the Inverse Problem of Galois Theory over k(x) is aﬃrma-
tive (cf. [4]), every ﬁnite group G appears as Galois group over k(x). Hence there exists plane curves
and Galois points such that elements of the Galois groups cannot be extended to RB.
We study coordinate changes by RB. In particular, when σ ∈ G has an extension in RB, we consider
if it can be transformed into a simpler form by the transformations.
Theorem 9. If σ ∈ G has an extension to RB and the order is not two, then it can be transformed to a projective
transformation by a suitable change of coordinates by a RB.
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are the eigenvalues of Mσ˜ , then we have α = eβ , where er = 1 (r = 2). Since the trace of the principal
part is equal to (1 + e)α and 1 + e = 0, the eigenvalues belong to k(x). Hence the principal part can
be diagonalized by an element of GL(2,k(x)). This implies that there exists ψ ∈ RB(A2) satisfying that
ψ−1σ˜ψ(x, y) = (x, ey). Therefore σ˜ has an extension to projective transformation [1,1, e] by taking a
suitable birational change of coordinates. 
Example 4. Let us examine Example 2. The principal part M is
(
x− e (1− e)x
e − 1 ex− 1
)
.
Hence the eigenvalues of M are x − 1 and e(x − 1). The corresponding eigenvectors are t(−x,1) and
t(1,−1) respectively. Therefore, putting
ψ(x, y) =
(
x,
−xy + 1
y − 1
)
,
we have ψ−1σ˜ψ(x, y) = (x, y/e), which is a projective transformation [1,1, e−1]. Moreover, the deﬁn-
ing equation of C is transformed to f · ψ(x, y) = xyd − 1 (cf. Proposition 1). Note that this curve has
an inner Galois point (0 : 0 : 1).
Remark 5. As we have seen in Examples 2 and 4, an outer Galois point is transformed by RB to an
inner one and vice versa.
We will give concrete examples such that the elements of the Galois groups cannot be extended
to birational transformations. Before stating them, we need some preparations. Iitaka [3] gives the
following deﬁnition:
Deﬁnition 10. We say that a plane curve Γ is L-relatively minimal, if for any birational map σ of P2,
the degree increases, i.e., degσ [Γ ]  degΓ . Furthermore, if the equality degσ [Γ ] = degΓ implies
that σ is linear, then we say Γ is L-minimal.
A plane curve C is said to be a curve of type [d;m0,m1, . . . ,mr ], where d is the degree of C
and m0, . . . ,mr are the multiplicities of all the singular points (including the inﬁnitely near singular
points) such that m0 m1 · · ·mr . Then Iitaka proves the following [3, Corollary of Proposition 20].
Proposition 11. Let C be a plane curve of type [d;m0,m1, . . . ,mr]. If d >m0 +m1 +m2 , then it is L-minimal.
Therefore, a birational map of P2 preserving C is linear.
From this proposition we have the following by Lemma 1.
Proposition 12. If C is L-minimal and satisﬁes one of the following conditions (1) and (2), then there exists an
element of G which cannot be extended to a birational transformation of P2 .
(1) G is not cyclic.
(2) G is cyclic, P is an outer Galois point and C has an ordinary singular point.
Proof. The proof of case (1) is straightforward from Lemma 1. In the case (2) suppose it can be
extended the birational transformation. Then, it can be extended to a projective one, hence we see
from Proposition 1 that the deﬁning equation can be expressed as Zd + Fd(X, Y ). Then, each singular
point lies on the line Z = 0 and is not ordinary. 
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Proposition 13. Let C be the curve in Theorem 2 or 3. If ci (1  i  d − 1 or −n  i  n − 1) are general,
then C has only nodes as singularities. Therefore, if d  7, then there exists an element of G which cannot be
extended to a birational transformation of P2 .
Proof. First we prove for the curve in Theorem 2. Examining the Jacobian of the morphism t →
(td, g(t)) where g(t) = c1t + · · · + cd−1td−1, we see that the map is locally isomorphic on to the
irreducible branch. Moreover, the cardinality of the inverse images of each point is at most two. In
fact, the morphism is one-to-one at t = 0 and ∞. So we consider the values except at them. Put
Sm(x) = xm + xm−1 + · · · + x+ 1 and
h(x, y) = g(xy) − g(y)
(x− 1)y = c1 + c2S1(x)y + · · · + cd−1Sd−2(x)y
d−2.
Suppose ad = bd , g(a) = g(b) and a = b. Then there exists r (1  r  d − 1) satisfying that b = era,
where e = ed , and h(er,a) = 0. Let Rr,s(c1, . . . , cd−1) be the resultant of h(er, y) and h(es, y) with
respect to y. Since c1, . . . , cd−1 are general, Rr,s(c1, . . . , cd−1) is not a zero polynomial. For example,
let y = ut + vtd−1, where u and v are general. Then it is easy to see that h(er, y) = 0 and h(es, y) = 0
have distinct roots for r = s. Put
Σr,s =
{
(c1, . . . , cd−1) ∈ Ad−1
∣∣ Rr,s(c1, . . . , cd−1) = 0}.
Moreover put Σ =⋃1r<sd−1 Σr,s . Then Σ is a proper subset of Ad−1. Therefore, if (c1, . . . , cd−1)
does not belong to Σ , then the equations h(er, y) = 0 and h(es, y) = 0 have no common roots if r = s.
We infer from this that h(e, y)h(e2, y) · · ·h(ed−1, y) = 0 has distinct (d−1)(d−2) roots if c1, . . . , cd−1
are general. On the other hand, let R(y) be the resultant of Sd−1(x) and h(x, y) with respect to x.
Then we have
R(y) = h(e, y)h(e2, y) · · ·h(ed−1, y), where deg R(y) = (d − 1)(d − 2).
Thus the number of the singular points is (d − 1)(d − 2). By the way we have the genus formula [2,
Theorem 9.1], i.e., if C is a curve of type [d;m0,m1, . . . ,mr], then the genus of C ′ is given by
1
2
(d − 1)(d − 2) − 1
2
r∑
i=0
mi(mi − 1).
Since the genus in our case is zero, we infer from the considerations above that all the singular points
are nodes. Thus by Proposition 12 part (2) there exists an element of G which cannot be extended to
the birational transformation.
Next we prove for the curve in Theorem 3. Similarly we consider the Jacobian of the morphism
t → (t−n + tn, g(t)), where g(t) = c−nt−n + c−n+1t−n+1 +· · ·+ cn−1tn−1. We see that the map is locally
isomorphic on to the irreducible branch. We shall now prove the cardinality of the inverse image of
each point is at most two. Clearly the morphism is one-to-one at t = 0 and ∞. So we consider the
case t = 0,∞. First we examine the curve deﬁned by x = t−n + tn and y = ut−1 + vt , where u and v
are general. By little long computations we see that this morphism has the property. Suppose that
a−n + an = b−n + bn, g(a) = g(b) and a = b.
Then, there exist r (1 r  n − 1) such that b = era or b = er/a, where e = en .
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h1(x, y) = yn−1
(
g(xy) − g(y))/(x− 1)
= c−n+1 + c−n+2S1(x)y + · · · + c−1Sn−2(x)yn−2
+ c1 yn + c2S1(x)yn+1 + · · · + cn−1Sn−2(x)y2n−2.
Then we have h1(er,a) = 0. Let R1,r,s(c1, . . . , cd−1) be the resultant of h1(er, y) and h1(es, y) with
respect to y. Since c1, . . . , cd−1 are general, as we see from the example above, R1,r,s(c1, . . . , cd−1) is
not a zero polynomial. Then it is easy to see that h1(er, y) = 0 and h1(es, y) = 0 have distinct roots
for r = s. Similarly as above let R1(y) be the resultant of Sd−1(x) and h1(x, y) with respect to x. The
degree of R1(y) is (2n − 2)(n − 1).
In the latter case b = er/a, put
h2(x, y) =
(
g(xy) − g(y))yn
= c−n y2n + c−n+1xy2n−1 + · · · + c−1xn−1 yn+1
+ c1xyn−1 + · · · + cn−1xn−1 y − c−n − c−n+1 y
− · · · − c−1 yn−1 − c1 yn+1 − · · · − cn−1 y2n−1.
Then we have h2(er,a) = 0. Similarly we consider the resultant R2(y) of Sn−1(x) and h2(x, y) with
respect to x. The degree of R2(y) is 2n(n − 1), hence the degree of R1(y)R2(y) is (2n − 1)(2n − 2).
Note that by the example above h1(er, y) = 0 and h2(es, y) = 0 have no common roots. By the same
argument as in the former case we conclude that each singularity is node. 
Here we mention another example not extendable to birational transformation. Miura found the
following one satisfying the conditions in Proposition 12.
Example 5. (See Miura [5].) Let C be the curve deﬁned by
−16X6 Z2 + 80X4 Z4 − 128X2 Z6 + 64Z8 + 9X6Y 2 − 24X4Y 4 + 16X2Y 6 = 0.
This curve is a rational curve with only double points as the singularities and (0 : 0 : 1) is an outer
Galois point. It is not diﬃcult to see that G is isomorphic to the dihedral group of order 8. Thus,
by (1) of Proposition 12, this curve is the required one.
Let us mention more about this curve. It is one of the so-called Lissajous curves. This is obtained
from the relations
ξ = cos3θ = 1
2
(
t3 + 1
t3
)
and η = sin4θ = 1
2
√−1
(
t4 − 1
t4
)
,
where ξ = Z/X , η = Y /X and t = exp√−1θ . Moreover, let ϕ :P1 ↪→ P8 be the Veronese mapping of
degree eight. Let (T0, T1, . . . , T8) be a set of homogeneous coordinates of P8 and ϕ(s : t) = (s8 : s7t :
· · · : t8). Then take the following hyperplanes Hi (i = 1,2,3):
H1: T0 + 4T2 + 6T4 + 4T6 + T8 = 0,
H2: T1 − 7T3 + 7T5 − T7 = 0,
H3: T0 − 14T2 + 14T6 − T8 = 0.
1472 H. Yoshihara / Journal of Algebra 321 (2009) 1463–1472Put V = H1 ∩ H2 ∩ H3 and W = H1 ∩ H2. The linear subspace W is the Galois subspace for ϕ(P1),
i.e., the projection with the center W restricts to a Galois covering ϕ(P1) → P1. Therefore (0 : 0 : 1)
is the Galois point for πV (ϕ(P1)) = C , where πV is the projection with the center V .
Finally we raise a problem.
Problem. Does there exist an element σ ∈ G , which cannot be extended to RB, but can be extended
to a birational transformation?
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